Abstract. A method for computing provably accurate values of partial zeta functions is used to numerically confirm the rank one abelian Stark Conjecture for some totally real cubic fields of discriminant less than 50000. The results of these computations are used to provide explicit Hilbert class fields and some ray class fields for the cubic extensions.
Introduction
Let K/k be an abelian extension of number fields with Galois group G = Gal(K/k) and let S be a finite set of places of k that includes the Archimedean places of k and all the places of k ramified in K/k. For any σ ∈ G the partial zeta function ζ S (s, σ) is defined for Re(s) > 1 by
where the sum extends over all integral ideals A of k whose Frobenius symbol σ A for the abelian extension K/k is the given element σ of G.
For a character χ of G define L S (s, χ) to be the L-series for χ with the Euler factors at S removed, which for Re(s) > 1 is given by the usual convergent Euler product:
where χ(p) = χ(σ p ) and the product is taken over all primes p of k not in the set S.
Both ζ S (s, σ) and L S (s, χ) have meromorphic continuations to the entire s-plane. The order r(χ) of the zero of L S (s, χ) at s = 0 is one less than the number of places in S, |S| − 1, if χ = 1 is the trivial character; and r(χ) is the number of places v in S for which χ is trivial on the decomposition group of v for the extension K/k if χ is not trivial.
In particular, suppose S contains at least two places, including one place v that splits completely in K. Then every L S (s, χ) has a zero of order at least one at s = 0 and it follows that the same is true of the partial zeta functions. The abelian Stark Conjecture, the first inklings of which appear in [20] and which was developed in the fundamental series of papers [22] - [25] , is that the coefficient of s in the Taylor expansions of these zeta functions near s = 0 can be computed 'algebraically':
Rank One Abelian Stark Conjecture. Under the hypotheses on K/k and S above, there exists an S-unit in K such that
• If S contains at least 3 places, then | | w = 1 for all places w of K not dividing the place v of k. In particular, is a v-unit in K.
If S = {v, v }, then | | σw = | | w for all σ ∈ G and all places w of K dividing v .
• log | σ | w = −eζ S (0, σ) for all σ ∈ G, where e is the number of roots of unity in K, where w is a prime of K lying above the prime v of k that splits completely in K, and where the absolute values are normalized. Equivalently, L S (0, χ) = − 1 e σ∈G χ(σ) log | σ | w for all characters χ of G.
• The extension K( 1/e ) is an abelian extension of k.
Remark. The statement above is stronger than the more conservative versions actually conjectured (in print) by Stark, specifically with respect to the last abelian condition.
The version above appears in [26] . A generalization of this Conjecture (again for abelian extensions K/k) to higher-order zeros appears in [14] , which is the reason we refer to this as the rank one situation.
The purpose of this paper is to consider this conjecture in one of the first situations for which it is not known, namely the situation of a totally real cubic base field k (the first section below indicates those situations in which the conjecture has been proved). This work was motivated by a computation of Stark. The methods used to compute the relevant values of the partial zeta functions, described in Section 3, considerably improve upon Stark's original computations. In Section 4 we use the results of these computations to indicate how Stark's conjecture can be used to compute explicit Hilbert class fields for some totally real cubic fields, very much in the spirit of Stark's interpretation of his conjecture as a step in the direction of solving Hilbert's 12th Problem. The complete numerical confirmation of Stark's conjecture for these cubic fields (to the accuracy of the computations, generally 10 −30 ) is done in Section 5. An explicit interesting example is described in detail in Section 6 and the final section contains some relevant tables.
Preliminaries
For a given abelian extension K/k, the hypotheses on the set S for the abelian Stark Conjecture St(K/k, S) of the previous section are that (1) S contains all the Archimedean primes of k and all the finite primes of k ramifying in the extension K/k, (2) S contains at least two primes, and (3) S contains at least one prime v decomposing completely in K/k. In this paper we shall be concerned with the situation where k is a totally real cubic field, K is a certain abelian extension of k unramified at all finite primes of k, and S consists precisely of the Archimedean primes of k. We first collect the known results regarding St(K/k, S) in this section (note, however, that the function field and local conjectures are not considered, nor are the connections with Kolyvagin Euler systems), and indicate the status of this Conjecture. The totally real cubic fields considered later are one of the first cases where the rank one Stark conjecture St(K/k, S) has not been proved. [17] ). (x) St(K/k, S) is true if v is a finite prime, K is abelian over Q and S contains all primes dividing the discriminant of K over Q ( [15] ). (xi) If k is a totally real field and K is a CM field, then, under some mild additional assumptions on the set S depending on the field k, the first two parts of St(K/k, S ∪{v}) above (the "annihilation portion of the Brumer Conjecture") are true for all finite primes v whose order in the class group of k is odd ( [28] ).
By (iii) it suffices, for a given abelian extension K/k, to verify St(K/k, S) with a minimal set S, i.e., for S consisting precisely of the Archimedean primes of k and the primes of k ramified in K. The minimal possible such set S would consist precisely of the Archimedean primes of k, which leads to a consideration of abelian extensions K/k that are unramified at all the finite primes of k. By (ii) we may take k either totally real or having precisely one complex Archimedean prime, and we may also assume that precisely one Archimedean prime of k splits completely in K. If this Archimedean prime is real, then all remaining real infinite primes of k become complex in K and this is the situation considered in this paper. (Note that to date no computations have been done in the situation where there is more than one Archimedean prime of k and the unique Archimedean prime of k splitting in K is complex.) Then, by (iv), we may assume that K is the maximal abelian extension K of k subject to these constraints.
By (vi) the minimal fields k for which St(K/k, S) is not known to be true are real quadratic fields k and fields k with [k : Q] = 3. Stark considered the situation of real quadratic fields, publishing several examples but computing a number of others (also C. Fogel, [5] , has computed a number of (unpublished) examples in this case). Shintani, in [18] and [19] , found some special cases of the Stark conjecture and computed the values of derivatives of certain L-series for real quadratic fields in terms of double Γ-functions, in particular computing a number of explicit examples (cf. also [1] , [13] , and [17] for some special cases). Hayes, in [10] and [11] , has considered the real quadratic case in the situation where the prime v of k splitting in K is non-Archimedean. The next case to consider concerns cubic extensions k of Q which are either totally real (with one real Archimedean prime p (1) ∞ splitting completely in K and the other two ramifying) or have precisely one complex Archimedean prime (with the real prime ramifying in K).
In this paper we consider the case where k is a totally real cubic field with Archimedean primes p
∞ , and p ∞ . By the remarks above, the field K should be taken to be the maximal abelian extension of k unramified outside p (2) ∞ and p ∞ should ramify in K. The latter condition implies in particular that K, which contains the Hilbert class field H of k, should be in fact a proper extension of H.
Because of the results of (viii) and (ix), it is of interest to consider the case where the class number of k is divisible by 3. Stark, in [21] and [25] , (cf. also [26] , pp. 98-102) considered one numerical example of such a totally real cubic field having class number 3. In Stark's example the Hilbert class field H is obtained as the composite with k of an abelian extension of Q of degree 3 (i.e., H is a genus field over k). Discussion of this example between Stark and the first author a few years ago suggested consideration of a field k for which H is not a genus field, which led to the investigations of this paper. The first totally real cubic field with class number divisible by 3 for which the associated Hilbert class field is not a genus field has discriminant D k = 28212. This field is considered in some detail in Section 6 below.
Computing derivatives of the partial zeta functions
For the reasons indicated in the previous section, let k be a totally real cubic field of class number 3 and let S consist of the Archimedean primes {p
Let H be the Hilbert class field to k and let K be the ray class field to k corresponding to the conductor p We assume that K is a proper extension of H, i.e., that [K : H] = 2 (as indicated, this avoids the trivial situation (i) of Section 2), and let τ be a generator for the Galois group Gal(K/H) (so that τ generates the decomposition group in K/k for both p (2) ∞ and p For simplicity let ζ(s, b) = ζ S (s, σ b ). Define (following Stark [21] , [24] ):
The function Λ b (s) is entire and taking the limit as s tends to 0 shows that
Since τ generates the decomposition group for both Archimedean primes p
∞ and p 
also has a zero of order at least 2 at s = 0. Hence ζ (0, b) + ζ (0,b) = 0 and it follows that
This formula allows us to reduce the computation of the values at zero of the derivatives of the partial zeta functions involved in Stark's Conjecture to the computation of the value at zero of Λ b (s). In Stark's original computations, these values were computed as values of a triple integral of a three-dimensional theta function. The numerical evaluation of these integrals allowed only a limited accuracy and involved in particular the use of an iterative integration scheme which is not proved to converge to the correct value.
As indicated in the Introduction, one of the purposes of the computation of the Stark unit is to use this numerical information to recognize the conjectured algebraic integers and then to use these algebraic integers to construct the relevant ray class fields. For this purpose, much higher accuracy than Stark's original computations is required. Rather than compute the values Λ b (0) as iterated integrals, we instead compute them in terms of certain line integrals, which allows for increased accuracy and has the additional advantage of providing provably accurate results. This method was first introduced to us by E. Friedman and the argument leading to Proposition 1 below is from his paper [6] .
The analytic function Λ b (s) satisfies the functional equation
where the 'dual' ray classb is the class
The line integral
defines an analytic function of s that is independent of the choice of δ in the region max(Re(s), Re(1 − s)) < δ. If 1/2 < Re(s) < δ, then the analyticity of the function Λ(z) implies that moving the line of integration left to δ = 1/2 picks up only the residue at z = s and shows
The functional equation for Λ(s) shows that Λ ± (
is antisymmetric along the line Re(z) = 1/2, so that the integral along this line vanishes by symmetry. This shows
for all s with 1/2 < Re(s) < δ. It follows that the same equality holds for all s with max(Re(s), Re(1 − s)) < δ by analytic continuation provided δ > 1 2 . Hence
provided the line integrals are computed with a δ with δ > max(
For a fixed ray class b of k, let a n (b) denote the number of integral ideals of k of absolute norm equal to n lying in the class b and define similarly a n (b), a n (b) and a n (b).
Define
s and the B n are the coefficients for the Dirichlet series for the corresponding dual class.
Proposition 1. With notations as above,
Proof. Applying equation (2) and the definition of I ± (s) with δ = 3/2 gives
Using the series expansions for Λ(z) andΛ(z) and interchanging summation and integration gives the formula in the proposition.
By the proposition, the accurate computation of the values ζ (0, b) to high precision has been reduced to the accurate computation of line integrals essentially independent of the field k of the form
These are computed by shifting the line of integration to the left and computing the residues:
where J ≥ 1 is an integer. Here γ is Euler's gamma constant and
(with H m = 1 + 1/2 + ... + 1/m) are residues arising from the gamma function factors.
Number of integrals to compute. The estimate
for the integrals used in computing ζ (0, b) (cf. [6] , Prop. 2.3 and [2]) leads to the following estimate for the error obtained summing N terms:
It follows that to provide an accuracy of at least 10 −M , it suffices to take
for the number of integral terms to compute.
Number of residues to compute. The integral along the line Re(z) = −J − 1/2 is easily estimated by Stirling's formula to be at most 1 2πi
For a given accuracy 10 −M it is an easy matter to compute the number of residues to compute for a given value of a. The following It is straightforward to show that the individual residue contribution (ρ j,1 + ρ j,2 ln a)a −j to the sum for the integral F (a) is maximal for j ∼ 2a
with value approximately ae The 'residue packets' for the line integrals above are themselves very interesting. As an example, in recomputing the values for Stark's example above, one encounters the following line integral (corresponding to a term with n = 994):
which has value approximately 6.95702479 (10 −31 ). The plot in Figure 1 indicates the residues used in computing this value and indicates the reciprocal correlation between the value of the line integral being computed and the maximum residue involved (and also indicates the 'packet' nature of the data). 
Numerical confirmation of Stark's Conjecture
We continue with the hypotheses on k, S and K in Section 3: k is a totally real cubic field with class number 3, S = {p
∞ } consists of the Archimedean primes of k, K is the ray class field to conductor p
There are 113 totally real cubic fields k with class number divisible by 3 and having discriminant D k less than 50000 (from the tables [4] ). Each cubic field k is given explicitly as Q(β) where β is a root of an irreducible cubic polynomial f (x). The specification of the place p ∞ amounts to a choice β 1 of one of the three real roots of f (x) to define an embedding of k into R. Computing the orders of the appropriate ray class groups shows that, for a given choice of embedding defining p (1) ∞ , the signs of the fundamental units of k in the other two embeddings determine whether the ray class field K to conductor p
∞ is strictly larger than the Hilbert class field of k: the condition translates into the condition that the product of the signs of the two fundamental units at p (2) ∞ and at p ∞ satisfying the condition that K is strictly larger than the Hilbert class field, and for these fields the class number is precisely 3 (so [K : k] = 6), and the corresponding Archimedean prime p (1) ∞ is unique. Since for these cases G = Gal(K/k) is cyclic of order 6, the conjectural Stark unit would generate the ray class field K over k:
so χ(σ ) = 1 which implies σ = 1 (cf. [26] , p. 90). It follows that a numerical confirmation of Stark's Conjecture for these fields should produce explicit algebraic generators for the ray class fields K. Given these explicit elements, one can then prove they are indeed units generating the relevant class fields independent of any conjectures used to produce them. These algebraic computations, which are also necessary to complete the numerical confirmation of Stark's Conjecture for these fields, are described in Section 5.
The Archimedean prime p
∞ is specified by the choice of real root β for the polynomial f (x) defining the field k, and the ray class of an ideal A in the ray class group to conductor p
∞ is then determined by finding the signs at the two embeddings p ∞ of the generator of the principal ideal A a where a is the order of the ideal A in the usual class group of k. For our computations, this data was computed for the relevant prime ideals of k using the Pari-GP calculator, then this information was used to generate the ideals of k of norm less than N in the various ray classes using some symbolic manipulations in Mathematica.
Using this norm data, the values at zero of the derivatives of the partial zeta functions ζ (0, b) for each of the six ray classes modulo p 
where c 0 is the principal ray modulo p
∞ , i.e., so that is positive in the embedding lying over p 
of with respect to the real embedding of K in R (conjecturally) defined by (4). This embedding defines an Archimedean prime of K lying over p (1) ∞ and the remaining primes of K over p (1) ∞ are the conjugates by the Galois group Gal(K/k) and these are the real primes of K. The remaining Archimedean primes of K are complex, lying over p (2) ∞ and p (3) ∞ and under the corresponding embeddings of K into C, the element and its Galois conjugates should (conjecturally) be nonreal complex numbers of absolute value 1.
To determine the algebraic element , we follow Stark and observe that ζ (0, b) = −ζ (0,b) for every class b. It follows that the element τ generating Gal(K/H) of Section 3 acts by inversion on the conjugates of : (
To determine A as an element of H it therefore suffices to determine the algebraic integers
in (7) in terms of the generator β of k. In Stark's example in [21] , the approximate numerical values of the s i in the embedding defined by p ∞ were computed assuming the validity of (5). The absolute values of the s i in the remaining two embeddings of k were then bounded using the fact that the Galois conjugates of are conjecturally of absolute value 1 in these embeddings. This reduced the determination of a i , b i , c i (which are elements of Z in Stark's example) to a check of a small number of cases.
We proceeded slightly differently, instead using a standard recognition algorithm to determine the monic polynomials in Z[x] satisfied by the real number s i in the embedding defined by p ∞ . For most of the cases considered, an accuracy of 10 −35 in the values of the relevant partial zeta functions was sufficient to recognize the necessary monic cubics, but some of the more obstreperous examples required greater accuracy. Once the monic polynomial over Z satisfied by s i in (8) was determined, the three roots could be determined to arbitrary precision. Equation ∞ defined by β 1 is the value used to recognize the polynomial satisfied by s i , so in fact there are only two possible orderings of the remaining two roots of this polynomial (which correspond to β 2 and β 3 ) to consider. In all the cases considered, the index of Z[β] in the ring of integers of k was quite small (dividing 6 in fact), so that a i , b i and c i in (8) should be elements of (1/6)Z and hence are easily determined as solutions to one of these two systems of 3 equations by rounding the numerical solutions (in fact it is easy to check that only one of the two possible orderings of roots for s i can produce rational solutions a i , b i and c i ).
Once the coefficients in (8) are determined, it is an easy matter to find the equations over Q of the elements A and defined by equations (8), (7) and (6) . For example, the monic polynomial f A (x) in Z[x] of degree 9 satisfied by A is obtained by multiplying together the three cubics x 3 − s 1 x 2 + s 2 x − s 3 obtained from (8) by substituting the three values β 1 , β 2 , and β 3 to sufficient precision, expanding and rounding the coefficients. Note also that is a unit since by construction it satisfies a monic polynomial f (x) of degree 18 in Z[x] with constant term 1.
In Stark's original cubic example, the Hilbert class field H and ray class field K were known explicitly beforehand and the unit was constructed as an element of K. In our examples (which include Stark's), the algebraic element is not (yet) known to lie in the appropriate ray class field. All that is known at this point is that 6 of 18 roots of a polynomial f (x) satisfied by a unit in some extension of k are real and agree with the exponentials of the 6 proved approximate values of the partial zeta functions for k. The only immediate numerical indication that is indeed the required Stark unit is provided by a quick computation of the roots of f (x) (to whatever precision one chooses), which shows that the remaining 12 roots are indeed all nonreal complex numbers of absolute value 1. A number of items therefore remain to be proved to complete the numerical confirmation of Stark's conjecture for these examples, which we state as 
∞ for two of the Archimedean primes of k is strictly larger than the Hilbert class field of k. Let be a root of the polynomial f (x) constructed above, let A = + 1/ , and set K = k( ), and H = k(A). Then: 1. The field H = k(A) is the Hilbert class field of k.

The field K = k( ) is the ray class field of k of conductor p (2)
∞ p 
The field K( √ ) is an abelian extension of k.
The proof of Theorem 1 will be given in the following section. Since the computed values of the relevant partial zeta functions have, by the results of Section 3, been proved to be accurate, Theorem 1 immediately gives the following
Corollary. The refined abelian (rank-one) Stark Conjecture is valid for the fields K/k in Theorem 1 to a proved numerical accuracy of at least 10
−30 .
The properties in Theorem 1 are essentially completely algebraic in nature and are independent of Stark's conjecture. Note, however, that while they are algebraic we shall in fact use the analytic data given in Stark's conjecture as a 'catalyst' to verify them, in much the same catalytic manner that Stark's conjecture was used to produce them.
Using Stark's Conjecture to compute Hilbert and ray class fields
In this section we indicate the proof of the properties of Theorem 1 of the previous section for the 55 cubic examples. In particular this will indicate how Stark's conjecture can be used to provide explicit generators for Hilbert and certain ray class fields. Each of these cubic fields k has class number 3 (and associated ray class number 6).
In each of the computed examples, the monic polynomial of degree 18 satisfied by was irreducible over Q. In particular, [K : k] = 6 and [H : k] = 3. It follows also that in fact generates K = k( ) over Q, and not just over k. Similarly, the element A generates H = k(A) over Q.
The roots of the polynomial f A (x) are all real, so the field H = k(A) is a totally real extension of k of degree 3. Computing the discriminant of H over Q (using Pari-GP) shows that D H = D 3 k , which implies that H is an unramified extension of k. If H were not Galois over k, then its Galois closure over k would also be an unramified extension of k, of degree 6, and having the symmetric group S 3 as Galois group. The quadratic subfield of this extension of k would then be an unramified quadratic extension of k, which means that the class number of k would be divisible by 2, which it is not. It follows that H is in fact Galois over k, hence is the Hilbert class field of k. This proves (1) of Theorem 1.
Remark. In computing field discriminants it was necessary in some instances to modify the algebraic integer generator for the field by multiplying by a unit in the field k to produce another integer α, the discriminant of whose minimal polynomial, while larger, was nevertheless easier to factor.
We next prove (4) of Theorem 1, which will in particular prove that K/k is an abelian extension. In all examples, the polynomial f (x 2 ) is irreducible over Q,
(and is never a square in K for these examples). Since (
Hence K( √ ) is an abelian extension of k if (and only if) the extensions k( √ A ± 2) = H( √ A ± 2) are both abelian extensions of k (of degree 6, although this is not required). The quadratic extension H( √ A ± 2) of H will be Galois over k (hence abelian over k, since H is Galois over k) if and only if σ(A ± 2)/(A ± 2) is a (nonzero) square in H for a generator σ of Gal(H/k). This is equivalent to σ(A ± 2)(A ± 2) = −c/σ 2 (A ± 2) being a square in H where c is the constant term of the cubic polynomial satisfied by A ± 2 over k, which in turn is equivalent to −(A ± 2)/c being a square in H. Since the minimal polynomial for A was constructed in (7), it is an easy matter to find the minimal polynomial over k for the element −(A ± 2)/c, hence also the minimal polynomial of degree 9 over Q for this element. In all cases this polynomial factors over Q into a product of two polynomials of degree 9 when x 2 is substituted for x, and this is a sufficient (and necessary) condition for the element to be a square. This proves (4) of Theorem 1.
To complete the proof of (2) of Theorem 1 it suffices to check that the extension K/k is unramified outside the infinite primes of k. Because of the size of the fields involved ([K : Q] = 18), it was difficult to compute the discriminant of K over Q directly (confirming that D K = D 6 k would prove that K/k was unramified). Instead we determined the unique quadratic extension F of k contained in K and confirmed (by a discriminant calculation on this extension of degree 6 over Q, checking that D F = D 2 k ) that the extension F/k is also unramified at all finite primes of k. To determine the field F , observe that satisfies the sextic
over k. Expanding and using the elementary symmetric functions s i of the conjugates of A in equation (7) shows that the minimal polynomial for over k is the sextic
The discriminant of this sextic differs by the square of −s (10) and so F = k( √ ∆) (note that the alternating group A 6 does not contain a cyclic subgroup of order 6). This determines a polynomial of degree 6 over Q defining the field F and allows the determination of the discriminant of F , confirming that F/k is unramified and proving that K is the appropriate ray class field.
It remains to prove (3) of Theorem 1, namely that the numerical values computed in equation (5) of the previous section do in fact correspond to the conjugates by the appropriate Frobenius elements of the algebraic element . We proceed by using equation (5) to numerically produce an algebraic conjugate of and then verify independently that this conjugate is indeed given by the appropriate Frobenius automorphism. Let c denote the generator of the ray class group of k of conductor p
∞ used to compute the values of the partial zeta functions used in equation (5) . Suppose σ is a generator of Gal(K/k). Then
for some a 0 , ..., a 5 ∈ k. Conjugating this equation by σ, σ 2 , ..., σ 5 gives the system of equations
for i = 0, 1, .., 5 (σ 6 = 1). Assume for the moment that Stark's conjecture in equation (5) is valid and take σ = σ c , the Frobenius element for the ray class c in Gal(K/k). Then we have the numerical values of the elements in the system of 6 equations in (12) , from which we can solve numerically for the six coefficients a 0 , ..., a 5 . We then recognize the cubic polynomials satisfied by these elements and use these to determine the elements a 0 , ..., a 5 as polynomials with Q-coefficients in the elements 1, β, β 2 .
Remark. As a computational matter, the system of numerical equations (12) is rewritten in order to write each a i as the quotient of two algebraic integers in k since this provides an easy check on the recognition algorithm (namely, whether the resulting cubic polynomial is monic). Also, since the polynomial f (x) ∈ Z[x] has been determined, we can, under the assumption of the validity of Stark's conjecture, determine the numerical values in equation (5) to arbitrary precision by solving for the appropriate root of f (x). In the computations of the Frobenius automorphism above, typically 500 digits of accuracy were required.
We now use these exact elements a 0 , ..., a 5 of k to define σ( ) by equation (11) . It is then immediate to verify that the resulting σ( ) is again a root of the minimal polynomial of over k in equation (9), so that the map → σ( ) defines an element of Gal(K/k), and that this automorphism is of order 6. This proves that there is an algebraic automorphism σ ∈ Gal(K/k) such that the numerical values of the conjugates of agree with the values on the right hand side of equation (5). To complete the proof of Theorem 1 it therefore suffices to show that this automorphism σ is the Frobenius automorphism corresponding to the class c in the extension K/k (and not its inverse, the only other possibility in this case). Let p (dividing the prime p in Z) be a prime of k of absolute degree 1 lying in the class c (a list of such primes is produced in the original computation of the partial zeta function values), such that p does not divide the discriminant of the polynomial f (x). If O K denotes the ring of integers of K, then O K = Z[ ] + P and O K /P = Z/pZ for any prime P of K dividing p (note that p splits completely in K). It follows that to confirm that σ = σ c it suffices to verify that
for the σ( ) defined by equation (11) . This is an elementary computation, since β ≡ b mod P for a (known) rational integer b, so that σ( ) ∈ Z[ ] mod P and equation (13) , f (x) ). The confirmation that these equations are satisfied for all the examples completes the proof of Theorem 1.
In general it is of interest to know whether the element in Stark's conjecture can be taken to be a square in K (for example, cf. [3] ), and to examine the ramification properties of the extension K( √ )/k (cf. [27] ). As mentioned in the proof of Theorem 1, none of the polynomials f (x 2 ) factors over Q, and one similarly finds that also f (−x 2 ) remains irreducible. It follows that none of the elements ± are squares in K for these examples. Also, since none of these fields has a totally positive system of fundamental units, the ray class field to conductor p
(the strict Hilbert class field) is the same as the field K. It follows that the quadratic extensions K( √ ± ) over K ramify at some prime above 2. We did not determine whether a particular choice of sign minimizes the different of the extension.
Corollary.
For the examples in Theorem 1, the elements ± are not squares in K and the two quadratic extensions K( √ ± ) are both ramified at some prime above 2.
It is not clear whether the fact that none of the Stark units for these 55 examples were squares in the corresponding ray class field K is significant (although in light of [3] it is suggestive). The group of units of K modulo squares of units is an elementary abelian 2-group of rank 12, so that the probability that a randomly chosen unit of K is a square is 1/2 12 . The probability that of 110 randomly chosen units none of them is a square is then approximately 0.9735, so this sample size is too small to be predictive.
Example: discriminant 28212
As previously mentioned, in Stark's original cubic example the Hilbert class field H is obtained over k by composing with an abelian extension of Q (namely Q(cos(2π)/7)) and our numerical investigations originated in trying to construct a similar but more generic cubic example in which H is not a 'genus class field'. The first example of such a field occurs for a discriminant D k = 28212. In this section we indicate some of the details of the computations described in the previous sections for this cubic field, in particular finding explicit generators for the Hilbert class field and using this to find the Galois closure of H and prove that H is not obtained by composing any cubic extension of Q (let alone abelian) with k. The example described here also serves as a paradigm for the abbreviated data for the other examples in the tables in Section 7.
There are 3 nonisomorphic totally real cubic fields of discriminant 28212 = 2 2 · 3 · 2351, defined by the polynomials x 3 − x 2 − 37x − 47, x 3 − x 2 − 41x + 93, and Using a standard recognition algorithm, one finds that these real numbers are roots of the following cubic polynomials:
Using these polynomials one finds
Using these exact values we can now find the 9 th degree equation satisfied by A: Take the cubic x 3 − s 1 x 2 + s 2 x − s 3 , substitute the 3 possible conjugates of β (computed numerically to high precision), multiply these cubics together and round the (integer) coefficients. The result is the polynomial
Applying "initalgred" in Pari-GP to this polynomial f (x) to find another field generator for H = k(A) gives the polynomial
k , proving as in Section 5 that H is the Hilbert class field for k.
The polynomial of degree 18 satisfied by is determined by taking the product of x 2 − Ax + 1 over all the 9 roots of f A (x) and gives
The absolute values of the roots of f (x) are given approximately by {1., 1., 1., 1., 1., 1., 1., 1., 1., 1., 1., 1. The Hilbert class field H here has an interesting Galois closure, which in particular proves that H is not obtained by composing any cubic extension of Q with k (so H is certainly not a genus field for k).
The Galois closure of k = Q(β) is the field Q(β, √ 7053) whose class number is 9, with class group isomorphic to Z/3Z×Z/3Z. Since the polynomial x 3 −x 2 −23x+48 mentioned previously has discriminant 7053 and defines a totally real cubic field, it is easy to see that the Hilbert class field L to Q(β,
The field L is a Galois extension of Q since Q(β, √ 7053) is Galois over Q. The field diagram is the following: 
The subgroup Gal(L/Q(α, √ 7053)) is a group of order 9. Analyzing the splitting of the prime 2 in L/Q shows that Gal(L/Q(α, √ 7053)) cannot be cyclic (otherwise the extension Q(α, β, √ 7053)/Q(α, √ 7053) would be unramified at 2, which it is not). The prime 31 splits in H( √ 7053) into 6 primes of degree 1 and 4 primes of degree 3, so this extension is not Galois over Q and the subgroup Gal(L/H( √ 7053)) is a nonnormal subgroup of Gal(L/Q) of order 3. It is relatively straightforward from this to determine the structure of Gal(L/Q).
, and π = Gal(L/H(α)). Then Gal(L/Q) is a group of order 54, the semidirect product of the unique nonabelian group of order 27 in which every element has order 3 by a subgroup of order 2:
with π inverting σ and ρ, and centralizing τ (which generates the center of G). It follows easily that the field H = Q(γ) contains a unique cubic subfield, namely k = Q(β). In particular, H is not obtained by composing k with any other cubic extension of Q.
It is interesting to note that the extension Q(α, β) is a non-Galois extension of Q of degree 9 containing 4 (non-Galois) cubic subfields (the maximum possible). In fact the four subfields are precisely the 3 (up to isomorphism) totally real cubic fields of discriminant 28212 and the unique (up to isomorphism) totally real cubic field of discriminant 7053 mentioned at the beginning of this section. The field L contains 12 cubic subfields (the Galois conjugates of these 4 cubic fields).
Tables
The tables below give a complete list of all 55 totally real cubic fields of discriminant less than 50000 with class number divisible by 3 for which there is an abelian extension unramified at all finite primes strictly larger than the Hilbert class field, as in the statement of Theorem 1 in Section 4 (note there are a total of 113 such totally real cubic fields without the condition on the ray class field). These fields all have class number 3, and for each we give the following abbreviated data:
1. The discriminant D k . 2. A cubic polynomial f (x) defining the field k. 3. A root β of f (x) defining the Archimedean prime p
∞ . 4. A prime p of degree 1 in k whose class c generates the ray class group of conductor p
∞ p
∞ of k and with respect to which the partial zeta function values were computed. 5. The first few digits of the computed Stark units c 0 , c 1 , and c 2 in equation (5) of Section 4, corresponding to the classes c 0 , c 1 , and c 2 , respectively. 6. The elementary symmetric functions s 1 , s 2 , and s 3 of equation (7) in Section 4 as elements in the field k = Q(β). As described in the example in Section 5, this data is enough to easily reconstruct most of the information required to numerically confirm Stark's Conjecture for these fields:
(a) The reciprocals of the elements in item 5 above are the computed Stark units corresponding to the classes c 3 , c 4 , and c 5 , respectively. The computed values of the derivatives at 0 of the partial zeta functions are (−1/2) times the logs of the corresponding Stark unit values as in equation (5) of Section 4.
(b) The polynomials f A (x) and f (x) in Section 4 are computed from equations (6) and (7). Alternatively, the sextic equation satisfied by over k is given by equation (9) It remains to compute explicitly the Frobenius element σ c . This can be done with the data provided above, as described in Section 5, but is rather more intensive, unlike the simple computations in (a)-(c) above. As a result we include below the explicit Frobenius automorphisms only for the 5 fields with discriminant less than 10000 and for the field of discriminant 28212 described in Section 6. The data for the remaining examples as well as electronic versions of the data in these tables can be obtained by email from the authors. 
